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The problem of infeasibility caused by inconsistent hard state constraints in model
predicti®e control is considered. The difficulties that may arise are analyzed, and the
inherent trade-off a controller must address at times of infeasibility is shown. From a
multiobjecti®e ®iewpoint, it is demonstrated that the two approaches for handling infea-
sibility documented in the literature ha®e significant limitations. Two new techniques for
handling infeasibility that o®ercome the difficulties encountered with current approaches
are presented.

Introduction

One of the primary reasons for the industrial success of
Ž .model predictive control MPC is that hard constraints can

be enforced on the process. We distinguish input constraints
from state or output constraints. The input constraints arise
from physical limitations of the actuators such as valve satu-
rations, and it is always advantageous to enforce them in the
control law. State constraints, on the other hand, are often
not due to physical limitations, but rather they are included
to maintain the process in a desired operating regime. Fur-
thermore, and more importantly, they often cannot be strictly
enforced at all times. In the presence of disturbances, for
example, it is not always possible for the controller to enforce
the state constraints. The goal of this article is therefore to
provide a framework for allowing state constraints in a reli-
able and tunable control law that enforces these constraints
when they are feasible and relaxes them in a clear way when
they are not. The need for clear tuning guidelines for relax-
ing state constraints becomes especially important for large
multivariable problems with many different types of state
constraints that interact with each other in nonintuitive ways.
A current trend in industrial process control is toward such
large, multivariable, constrained problems.

Early attempts to incorporate state constraints within fi-
nite-horizon MPC were unreliable because state constraints
can cause closed-loop instability regardless of how the regu-

Correspondence concerning this article should be addressed to J. B. Rawlings.
Current address of P. O. M. Scokaert: Centre National d’Etudes des Telecommu-

nications, France Telecom, Paris, France.

Žlator tuning parameters are chosen Zafiriou and Marchal,
. Ž .1991 . Garcia and Morshedi 1986 also provide an early dis-

cussion of some of the undesirable side effects of satisfying
hard constraints in finite-horizon MPC. As discussed in

Ž .Rawlings and Muske 1993 , detecting and resolving infeasi-
bilities on-line becomes the new issue, and that paper pre-
sents one simple stabilizing strategy.

We consider the two approaches documented in the litera-
ture for achieving feasibility, which we call the minimum-time
approach and the soft-constraint approach. We assume the
system can be represented with a linear, discrete-time, state-
space model

x s Ax q Butq1 t t

and consider a standard infinite-horizon MPC objective func-
tion

`
X Xf x , p s x Qx qu RuŽ . Ýt t j < t j < t j < t j < t

js t

in which x denotes prediction at current time t of state atj < t
time j in the horizon, so x s x is the current state. Thet t < t
parameters QG0 and R)0 are symmetric weighting matri-

Ž 1r2 .ces, with Q , A detectable and

� 4p s u , u , . . . , ut t < t tq1 < t tqNy1 < t

August 1999 Vol. 45, No. 8AIChE Journal 1649



is the sequence of control moves to be optimized, with N as
the control horizon, and u s0 for jG tq N. The MPC con-j < t
trol law is defined by implementing only the first move of this
sequence and then re-solving the optimization with the new
x measurement as the initial condition at tq1. We as-tq1
sume throughout the article that the state is accessible and
do not address the problem of output feedback.

Minimal time approach
Ž .Rawlings and Muske 1993 discuss a control algorithm that

Ž .identifies the smallest time, k x , which depends on the cur-
rent state x, beyond which the state constraint can be
satisfied on an infinite horizon. Prior to time k , the state
constraint is ignored, and the control law enforces the state
constraint only after that time. For suitably restricted plants,

Ž .Rawlings and Muske show that k x is finite for bounded x.
Ž .Furthermore, k x can nominally be reduced by at least one

at each sample; it follows that in the nominal case, at most
Ž .k x state-constraint violations are observed in closed loop.0

An advantage of the method is that it leads to the earliest
possible constraint satisfaction. The control law can also be
shown to be nominally stabilizing, and its closed-loop behav-
ior approaches the open-loop predictions for large N. Disad-
vantages are that transient constraint violations can be large,

Ž .calculation of k x requires the solution of a sequence of
linear programs, and the control law can be discontinuous in
the state. Discontinuous control laws raise questions because
it is difficult to establish that they are stable under perturba-
tions. Stability under perturbations is normally required to
establish that small disturbances, which are inevitable in
feedback control systems, do not destabilize a nominally sta-
ble closed-loop system.

Establishing perturbed stability for the closed-loop system,
on the other hand, is a strong result because it guarantees a
form of separation of state regulation and estimation: any
asymptotically stable state estimator coupled with the MPC

Ž .regulator remains asymptotically stable Scokaert et al., 1997 .

Soft-constraint approach
A soft-constraint approach to handle infeasibility is dis-

Ž .cussed in Ricker et al., 1988; Zheng and Morari, 1995 . In
soft-constraint MPC, violations of the state constraints are
allowed, but an additional term is introduced in the objec-
tive, which penalizes constraint violations. In Zheng and

Ž .Morari 1995 , the added term in the cost is the square of the
maximum violation over the horizon, weighted by a constant,
S. They formulate the soft-constraint MPC approach as the
solution to the following quadratic program:

min f x , p , eŽ .t t t
p , et t

x s Ax q Bu ,° jq1 < t j < t j < t

Hx F hqe jF tqk x ,Ž .j < t t t

Hx F h tqk x - j,Ž .j < t t~Subject to
Du F d tG j,j < t

u s0 tq N F j,j < t¢e G0,t

where

`
X X Xf x , f , e s x Qx qu Ru qe Se .Ž . Ýt t t j < t j < t j < t j < t t t

js t

Setting S to zero effectively removes the state constraints;
increasing S leads to increasingly ‘‘hard’’ constraints. An ad-
vantage of the method is that it is computationally cheap,
requiring the solution of a single quadratic program. The
soft-constraint MPC control is also nominally stabilizing and
Lipschitz continuous in the state. Perturbed stability is there-
fore easily established. Disadvantages are that open- and
closed-loop behavior are inherently different, regardless of
N, and tuning can be counterintuitive.

Example. The following example highlights the limita-
tions of these two infeasibility approaches. See Scokaert and

Ž .Rawlings 1997 for further examples. We consider the third-
order nonminimum phase system

2 y1.45 0.35 1
w xAs , Bs , Cs y1 0 2 ,1 0 0 0

0 1 0 0

1Ž .

for which the output displays inverse response. The con-
troller tuning parameters are QsCXC, Rs1, and Ns20.
The input is unconstrained, the output is constrained be-
tween "1, and we perform simulations from the initial con-

w xXdition x s 1.5 1.5 1.5 . In all simulation results presented0
in the article, the solid lines represent the closed-loop re-
sults, the dashed lines represent the open-loop predictions
made at time 0, and the dotted line shows the output upper
constraint level.

The results obtained with the minimal time solution are
presented in Figure 1. The open-loop predictions are close to
the closed-loop results, so the two curves cannot be distin-
guished. As mentioned previously, the method leads to a large
transient constraint violation. We show later that this viola-
tion is unnecessarily large. Constraint violations are not ob-
served after sample 3, however, and the state constraints are
enforced in minimal time.

The results obtained with the soft-constraint solution and a
weight Ss20 are displayed in Figure 2. As discussed previ-
ously, the method leads to a large mismatch between open-
loop predictions and closed-loop behavior, even with a
horizon as large as Ns20. This mismatch does not decrease
as N increases. With Ss20, peak violations are smaller than
with the minimal time solution, but constraint violations are
experienced in closed-loop until sample 13. Predicted open-
loop performance is good, but degrades in the closed-loop
using the receding-horizon implementation; the peak con-
straint violation is identical for both open- and closed-loop
and the duration of violations is larger in closed-loop. The
loss of performance experienced in closed-loop is caused by
the open-rclosed-loop mismatch and is the source of the tun-
ing difficulties presented in the soft-constraint approach. To
illustrate this point, we present in Figure 3 the results ob-
tained with weights Ss1, 10, 50, and 100. For clarity of the
plots, we show only closed-loop behavior. The effect of in-
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Figure 1. Minimal time solution.
Solid lines: closed-loop; dashed lines: open-loop predictions
at time 0; dotted line: output upper constraint.

creasing S is expected to be a ‘‘hardening’’ of the state con-
straint. We find instead that although the peak constraint
violation does decrease as S increases, the return to the fea-
sible region becomes more sluggish, resulting in ‘‘large’’ viola-
tions for longer time. Because this behavior is not predicted
in the open-loop simulation, the effect of closing the loop is
unclear. For increasing values of S, performance further de-
grades; we show in Figure 4 the result of a simulation with
Ss1000. In the limit, as S™`, the duration of violations
tends to infinity, which must be considered an undesirable
feature of the control law.

The oscillations are due to the nonminimum phase behav-
ior and the matrix A having imaginary eigenvalues. The vio-
lent oscillations are due to minimizing e , the maximum con-
straint violation. At time ks0, let e denote the maximum0
violation. If we look at the open-loop prediction, we see that
the system decays to the origin in roughly 20 time steps. The
system also violates the constraint for roughly 10 time steps
with a constant violation of e . At time ks1, the controller0
is able to determine a maximum violation e -e . Because of1 0
the large penalty, reducing this maximum violation is the
prime objective of the controller. If we again look at the
open-loop prediction, we see the system again decays to the

Žorigin in roughly 20 time steps now 21 time steps in the closed
.loop . Also, the system violates the constraint for roughly 10

Žtime steps with a constant violation of the e now 11 time1

Figure 2. Soft constraint solution.
Ss 20. Solid lines: closed-loop; dashed lines: open-loop pre-
dictions at time 0; dotted line: output upper constraint.

.steps in the closed loop . The problem is that e is just barely1
less than e , so the eventual decay to the origin is always0
being postponed. Likewise, the violation of the constraint is
perpetually being extended.

In this simple example, the poor performance with some
choices of S is easy to observe and understand; with more
complex plants, however, the results obtained may appear
counterintuitive. These issues traditionally have been viewed
as tuning considerations, and the user has been required to
select a weight S that yields acceptable performance. How-
ever, the interpretation of S is not clear. For small S, the
constraints are not enforced with any vigor, even when they
are feasible. For large S, large constraint violations can be
experienced for long periods of time. The choice of an inter-
mediate value for S appears to be the only appropriate one.
To complicate matters further, S and N interact, so that a
choice of S that gives good performance with a given horizon
can become undesirable when N increases. Therefore reli-
able design guidelines for S are not available, causing a seri-
ous tuning difficulty, in view of the poor performance with
some choices of S.

Having presented the difficulties associated with current
approaches, the remainder of the article is organized as fol-
lows. In the following section we present two new approaches
to the infeasibility problem. First we discuss the inherent
trade-off that must be resolved by any controller when state
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Figure 3. Soft constraint solution.
Ss1, 10, 50, and 100. Solid lines: closed-loop; dotted line:
output upper constraint.

constraints are inconsistent and the control problem is infea-
sible. This multiobjective framework motivates the two new
approaches: an optimal minimal-time approach and a new
soft-constraint approach. We also discuss the use of exact soft
constraints, which are penalty functions that enforce the hard

Figure 4. Soft constraint approach.
Ss1,000. Solid lines: closed-loop; dotted line: output upper
constraint.

constraints when the problem is feasible. Finally, concluding
remarks are made in the third section. Simulations are used
throughout the article to illustrate the main points.

New Results
Multiobjecti©e nature of infeasibility problems

The minimal-time and soft-constraint approaches dis-
cussed previously are sharply contrasting solutions to the
feasibility question: the first minimizes the duration of con-
straint violations, regardless of their size; the second mini-
mizes the size of the violations, regardless of their duration.
Each of these approaches may be appropriate for different
processes. In general, however, both the duration and size of
constraint violations are important, which leads to our inter-
pretation of the feasibility question as a multiobjective prob-
lem.

When all the state constraints cannot be satisfied, it is nor-
mally desired to minimize the predicted violations in some
way. Different measures of violation can be used; here, we
consider the ‘‘size’’ of constraint violations as one measure
and ‘‘duration’’ of the constraint violations as another. We
note that alternative measures could be equally appropriate,
but these two allow us to demonstrate the multiobjective na-
ture of reducing state-constraint violations, which is our main
purpose.

In many plants, the simultaneous minimization of the size
and duration of the state-constraint violations is not a con-
flicting objective. The optimal way to handle infeasibility is
then simply to minimize both size and duration; regulator
performance may then be optimized, subject to the ‘‘opti-
mally’’ relaxed state constraints.

Unfortunately, not all infeasibilities are as easily resolved.
In some cases, such as nonminimum phase plants, a reduc-
tion in the size of violation can only be obtained at the cost
of a large increase in duration of the violation, and vice versa.
The optimization of constraint violations then becomes a
multiobjective problem. For a given system and horizon N,
the Pareto optimal-sizer-duration curves can be plotted for
different initial conditions, as in Figure 5. The user must then

Figure 5. Pareto optimal constraint violation sizerrrrr
duration curves for varying initial state x.
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Figure 6. Pareto optimal sizerrrrrduration curves for vary-
[ ]Xing initial conditions: x sa 1 1 1 , with as0

1.1, 1.2, 1.3, 1.5, 2.3.

decide where in the sizerduration plane the plant should op-
erate at times of infeasibility. Desired operation may lie on
the Pareto optimal curve, because points below this curve
cannot be attained and points above it are inferior, in the
sense that they correspond to larger size andror duration than
are required.

In some applications, the best operation is to have con-
straint violations of the smallest possible duration. For in-
stance, if the quality of the product is unacceptable and must
be discarded during times of constraint violation, optimal op-
eration is to minimize duration. Assume that the current state
of the process corresponds to the bottom curve in Figure 5.
In this situation, the controller should steer operation toward
point F . In other applications, it may be critical to minimize1
the size of constraint violations, so that process shutdown or
other exception conditions do not occur. Desirable control
behavior is then close to F . It should be noted in Figure 52
that unconditional minimization of the size of the constraint
violation is undesirable, because that leads to a nonzero vio-
lation of infinite duration. In many applications, both the size
and duration of violations are important. Then F may be3
the best compromise for the controller to aim for.

In Figure 6, we present the Pareto optimal-sizer-duration
curves for the plant in Eq. 1 for Ns20 and the initial states

w xXx sa 1 1 1 , with as1.1, 1.2, 1.3, 1.5, 2, and 3. The figure0
was constructed by bounding the size of violation, and then
solving the optimal control problem to minimize the duration
of the violation. For this plant, the size and duration mea-
sures are the peak constraint violation and the time after
which the constraints are satisfied, respectively. As discussed
previously, we find that the duration of constraint violations
can only be decreased at the cost of larger violations, and
vice versa. We also observe that, after a certain point, the
decrease in size becomes negligible with increase in duration.
Finally, we observe that, in this example and for the initial
states considered, the size of constraint violations cannot be
made arbitrarily small. The limitation on the minimal viola-
tion size is a function of N, and the use of larger horizons

Figure 7. Comparison of Pareto optimal performance
and performance under current solution
methods.

leads to Pareto optimal curves that are similar to the ones
presented, but translated down slightly.

We now concentrate on the initial condition used in the
w xXprevious simulations, x s 1.5 1.5 1.5 , and illustrate the0

drawbacks of both previously discussed infeasibility solutions.
In Figure 7, the Pareto optimal-sizer-duration curves are dis-
played as the solid line. The compromise obtained with the
minimal-time solution is displayed as the star in the upper
left corner of the figure. The minimal-time approach results
in a constraint violation of 1.37, and we observe that the du-
ration of constraint violations can be kept at 3, with a maxi-
mum violation of only 1.0005, which confirms our earlier claim
that the minimal time approach is suboptimal. The results
obtained with the soft-constraint approach are also displayed
for a range of weights S. The upper dotted line represents
the closed-loop results obtained with a range of weights S
from 0.1 to 65. The lower dotted line represents the open-loop
predictions made with weights ranging from 0.1 to 3000. The
circled points on the curves represent the results with Ss20,
as used for the simulation in Figure 2. The mismatch be-
tween open-loop predictions and closed-loop results is clear.
The open-loop results are suboptimal for all values of S,
though decreasingly so as S increases. Closed-loop perform-
ance is worse than open-loop, however, yielding points that
are more inferior. Furthermore, closed-loop behavior only
approaches Pareto optimal performance slowly as S in-
creases. For all values of S, performance is inferior, espe-
cially in closed loop, in the sense that the size of constraint
violations can be decreased with no adverse effect on dura-
tion. For large values, increases in S lead, in the closed loop,
to decreasing improvements in size of violations at increasing
duration cost. After a certain point, increases in S lead to
increasingly suboptimal performance.

Having analyzed the difficulties that may arise with infeasi-
bility approaches from the multiobjective optimization per-
spective, we propose two new approaches that deal more
effectively with infeasibility. First we consider the minimal-
time approach, which we refine to give Pareto optimal per-
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formance. We then discuss an alternative soft-constraint MPC
law that does not suffer the disadvantages of the method de-

Ž . Ž .scribed in Ricker et al. 1988 and Zheng and Morari 1995 .

Optimized minimal-time approach
The minimal-time approach requires the calculation of the

Ž .minimal horizon, k x , beyond which the hard state con-
straint can be satisfied. This calculation normally requires
some form of search. For instance, a simple procedure is to
consider the time for which the ‘‘state-unconstrained’’ solu-
tion trajectories violate the state constraint, which gives an

Ž .initial upper bound on k x . Starting from this bound, k is
decreased until the last value for which the state constraints
are feasible after horizon k . Calculation of the state-uncon-
strained trajectories requires solution of a quadratic pro-
gram. Each feasibility check requires the solution of a linear
program.

The optimized minimal-time approach we consider arises
from the consecutive solution of a feasibility and a regulation
optimization. The essential improvement over the previous
minimal-time approach is that the regulation problem must
meet the smallest violation determined in the feasibility prob-

Ž .lem. Given k x and a vector s)0 of constraint violation
weights, the control law is obtained by receding-horizon im-
plementation of the optimal open-loop control, given by the
solution of the following problem.

Problem 1: Optimized Minimal-Time MPC

min f x , pŽ .t t
p t

x s Ax q Bu° jq1 < t j < t j < t
UHx F hqe tF j- tqk x ,Ž .j < t t t

~Hx F h tqk x - j,Ž .Subject to j < t t

Du F d tF j,j < t¢u s0 tq N F j,j < t

where eU comes from solution oft

min sXet
p , et t

x s Ax q Bu° jq1 < t j < t j < t

Hx F hqe t- j- tqk x ,Ž .j < t t t

Hx F h tqk x F j,Ž .j < t t~Subject to
Du F d tF j,j < t

u s0 tq N F j,j < t¢e G0.t

The regulation and feasibility optimizations are Nm and
Ž .Nmq p -dimensional, respectively.

We return to the plant in Eq. 1 and illustrate the use of
the optimized minimal-time approach. The results are pre-
sented in Figure 8. We observe that the state constraint is
enforced in minimal time, as with the original minimal-time
solution. However, the peak transient constraint violation is
also reduced to the lowest value consistent with the

Figure 8. Optimized minimal time solution.

minimal-time solution. The peak violation is 1.0005 and the
duration of violations is 3. Operation therefore occurs on the
Pareto optimal curve of Figure 7, at its leftmost point. This
behavior is a property of the method.

A side effect of the minimization of the transient con-
straint violations is that the output rides its constraint for
several samples, before returning inside the feasible region.
It is instructive to note that the time at which the output
moves off the constraint is 20, the value of N. As discussed
previously the minimal violation size, 1.0005, is a function of
this horizon; further reductions of the violation size can be
obtained by increasing N, and this induces the output to ride
its constraint for a longer period. The mismatch between the
open-loop predictions for horizons greater than N and the
actual closed-loop behavior at these times is inherent to the
method and does not disappear with large N. However, this
mismatch does not lead to performance degradation in
closed-loop, as observed in Figure 8. Also, it is simple to
modify Problem 1 so that the inherent open-rclosed-loop
mismatch is removed. These points are discussed later in this
article.

Performance. One property of interest of minimal-time
approaches is that, when the state constraints are feasible,

w Ž . xthe algorithm enforces them, allowing no violation k x s0 .
Thus, when feasibility is not a problem, the control algorithm
behaves exactly as the hard-constraint MPC formulation.
Thus, minimal-time approaches resolve the problem of infea-
sibility with no adverse effect on performance at times of fea-
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sibility, which is an important feature of the method because
the occurrence of infeasibility is regarded as an unusual oc-
currence.

An interesting property specific to the optimized minimal
time approach is that performance is Pareto optimal, with a
minimal constraint violation size that is consistent with the
fastest return of the state to its allowed region and the hori-
zon N. The method gives satisfaction of the constraints in
minimal time, with a guarantee in the nominal case of con-

Ž .straint satisfaction after k x samples.0

Open-rClosed-Loop Comparison. The minimization of the
constraint violation e can induce mismatch between thet
open-loop predictions and the closed-loop behavior. This
problem is caused by the fact that, at the initial time of infea-
sibility, the controller uses the N available controls to mini-
mize the size of constraint violations. As the simulation pro-
ceeds, the state is returned to its allowed region and more
inputs become available to further optimize regulation per-

Ž .formance. In the nominal case, k x decreases at every sam-
ple, until it reaches zero. Therefore, the control reverts to

Ž .the hard constraint law after k x samples; the mismatch0
between open- and closed-loop then effectively disappears for
large N.

Stability. Minimal-time approaches have guaranteed nom-
inal exponential stability. The stability proof involves estab-
lishing the optimal regulator cost as a Lyapunov function for
the closed-loop system and noting that k decreases by one at
each time.

Although simulations with simple examples indicate that
the optimized minimal-time control is Lipschitz continuous in

Ž .the state, this property is difficult to prove. Because k x is
Ž .integer valued, k x is not Lipschitz continuous in x, and it

is difficult to establish continuity of eU, and consequently oft
the optimal control. Because discontinuity of the control in-
validates known perturbed stability results, perturbed stabil-
ity for minimal-time solutions remains an open question. This
shortcoming is one of the more serious weaknesses of the
method.

Soft constraints
In the soft-constraint approach, only the input constraints

are directly enforced. Violation of the state constraints are
allowed, but an additional term is introduced into the objec-
tive function that penalizes a measure of the constraint viola-
tions; it has been usual to choose the peak predicted viola-

Žtion over the horizon as this measure Ricker et al., 1988;
.Zheng and Morari, 1995 . As discussed previously, this choice

introduces mismatch between open-loop predictions and
closed-loop behavior, which can lead to poor performance
and tuning difficulties. As an alternative that does not suffer
these problems, we consider in this section an alternative for-
mulation of soft-constraint MPC, where rather than penaliz-
ing the peak violation, we penalize total sum of the violation
at each time step along the prediction horizon.

Here we concentrate on the use of combined quadratic-
and linear-term soft constraints. As we discuss later, by pe-
nalizing the sum of constraint violations at each time step,
this MPC formulation satisfies the principle of optimality and
removes the counterintuitive behavior seen in Figures 3 and
4. With e denoting the predicted constraint violations, wej < t

consider the following objective function

`
X X X Xf x , p , s s x Qx qu Ru qe Se q se ,Ž . Ýt t t j < t j < t j < t j < t j < t j < t j < t

js t

where

� 4s s e , e , . . . , 2Ž .t tq1 < t tq2 < t

S is a diagonal matrix of positive weights, and s is a vector
with positive entries.

The reason we penalize the weighted l norm of e with1 j < t
the term sXe is to allow the use of exact penalties. The in-j < t
clusion of the quadratic penalty is to allow for added flexibil-
ity. The quadratic penalty also leads to a well-posed quadratic

Ž .program positive definite Hessian . We can also achieve
Pareto optimality with a linear penalty due to the exactness
of the soft constraint. One disadvantage with very large lin-
ear penalties is that it is tough to gauge the competing effect
with other penalties. Also, a poorly scaled objective function
can cause numerical difficulties. Therefore, the objective ef-
fectively penalizes the sum of both linear and quadratic mea-
sures of constraint violations; tuning S and s allows us to
adjust the relative importance of the two terms in the cost.

The soft-constraint MPC law arises by receding-horizon
implementation of the following optimal control problem.

Problem 2: Soft-Constraint MPC

min f x , p , sŽ .t t t
p , st t

x s Ax q Bu° jq1 < t j < t j < t

Hx F hqe t- j,j < t j < t

~e G0 t- j,Subject to j < t

Du F d tF j,j < t¢u s0 tq N F j.j < t

Although this optimization has infinite dimension, it can be
shown that the restriction that e s0, after a suitably largej < t
finite horizon, is not suboptimal and therefore leads to the

Ž .solution to Problem 2. See Meadows et al. 1995 for similar
results.

As in the soft-constraint scheme discussed in the Intro-
duction, increases in S lead to ‘‘hardening’’ of the state con-
straints. The measure we use leads, however, to more intu-
itive results, as we now illustrate. We consider the plant in
Eq. 1 again and illustrate the use of the soft-constraint ap-
proach that arises by receding-horizon implementation of the
solution to Problem 2. For simplicity, we first consider simu-
lations in which ss0, so that the sum of only the quadratic
measure of violations is penalized. The use of Ss20 leads to
the results presented in Figure 9. Both open and closed-loop
results are displayed, though they are too close to be distin-
guished.

For comparison with the previous soft-constraint approach
presented in the Introduction we present in Figure 10
closed-loop results with a range of weights, Ss1, 10, 50, and
100. We observe that the tuning difficulties experienced with
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Figure 9. Least-squares soft constraint solution.
Ss 20. Solid lines: closed-loop; dashed lines: open-loop pre-
dictions at time 0; dotted line: output upper constraint.

the previous soft-constraint law do not arise with this choice
of violation measure. With the new approach, increases in S
result in reductions in the sum of the squares of violations
and have no adverse effect on the constraint violations expe-
rienced in closed loop. Tuning is therefore intuitive and the
sum of the squares of constraint violations approaches opti-
mality for large S. In the limit, as S increases, the behavior of
the control has a well-behaved limit; with Ss1000, for in-
stance, we obtain the results shown in Figure 11, which com-
pare favorably with Figure 4.

We note that performance is not Pareto optimal in the
sense of the subsection on the multiobjective nature of infea-
sibility problems, because the control law does not attempt to
minimize the peak constraint violation. As mentioned previ-
ously, however, the use of the peak constraint violation as the
measure of size of violations is somewhat arbitrary. An equally
valid measure is the one we use in the soft-constraint cost,
the sum of the weighted squares of e . With this measure,j < t
we obtain a new set of Pareto optimal curves, and the soft-
constraint control law leads to a performance that is increas-
ingly close to Pareto optimal, for large S.

To conclude, we present simulations with nonzero s. In
Figure 12, we display the results obtained with ss0.4, 4, 40,
400, 4,000, and 40,000. For clarity of the plots, only the
closed-loop behavior is shown. No noticeable performance
changes are observed for s greater than 40,000. We find that

Figure 10. Least-squares soft constraint solution.
Ss1, 10, 50, and 100. Solid lines: closed-loop; dashed lines:
open-loop prediction at time 0; dotted line: output upper
constraint.

increasing s results in increasing peak violations and decreas-
ing duration. Large values of s also cause the output to ride
its constraint for a large period of time. For a given horizon
N, the performance obtained has a well-defined limit as s
increases.

Exact Soft Constraints: Choice of S and s. The use of soft
constraints provides an attractive solution to the problem of
infeasibility, in which the control optimization is guaranteed
to have a solution and remains unchanged, regardless of the
feasibility of the hard state constraints. A resulting disadvan-
tage of the method is that, even when the state constraints
can be satisfied, the soft-constraint law may not enforce the
state constraints and unnecessary violations may result. This
feature of the control algorithm is undesirable and does not
arise, for instance, with the minimal-time approach.

A desirable solution to infeasibility enforces the state con-
straints when they are feasible and only relaxes them when
necessary. This type of scheme can be obtained by using the
solution of the soft-constraint algorithm only when the hard-
constraint MPC law leads to an infeasible optimization. The
use of exact penalties, leading to what we call exact soft con-

Ž .straints, provides an alternative solution. Fletcher 1987 pro-
vides a summary of exact penalty methods in optimization
problems. De Oliveira and Biegler discuss using l , quadratic,1
and l norm-stage cost measures of state-constraint penalties`

Ž .in finite-horizon MPC de Oliveira and Biegler, 1994 . Niko-
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Figure 11. Least-squares soft constraint solution.
Ss1000. Solid lines: closed-loop; dashed lines: open-loop
predictions at time 0; dotted line: output upper constraint.

laou and coworkers discuss soft state constraints using l and1
quadratic-stage cost penalties in DMC with a terminal stabil-

Žity constraint Genceli and Nikolaou, 1993; Vuthandam et al.,
.1995 .

Because the soft-constraint MPC objective we use effec-
tively penalizes the 1-norm of constraint violations when s)
0, it can be viewed as an l penalty function for the hard-con-1
straint problem. The essential property of l penalty func-1
tions, which allows them to be made exact, is that they have a
discontinuity in slope at the zero value of the slack variables.
The quadratic penalty functions, on the other hand, do not
have this property, which is why we introduce the s term in
the quadratic penalty used in the objective function. The im-
plementation of exact soft constraints requires the calcula-
tion of a weight s for which the objective defines an exact
penalty function. Although it is not difficult to compute a
lower bound for s, in practice, one typically just makes the
penalty large.

We illustrate the method with the following example. We
use the plant of Eq. 1, but the initial state we consider is

w xXx s 0.95 0.95 0.95 , for which the output constraints can be0
enforced at all times, with Ns20. At time 0, the vector of
Lagrange multipliers at the solution of the problem with hard
constraints has infinity norm 11.07. The results of a simula-
tion performed with the combined linearrquadratic soft-con-
straint MPC law described previously with Ss20 and ss

Figure 12. Least-squares soft constraint solution.
Ss 20, ss 0.4, 4, 40, 400, 4000, and 40,000. Solid lines:
closed-loop; dotted line: output upper constraint.

11.08 are presented in Figure 13, where the open-loop and
closed-loop results are too close to be distinguished. As ex-
pected, no constraint violations are observed, and simulations
show that violations are experienced with s-11.07, confirm-
ing the results discussed previously. Incidentally, for any s
greater than the infinity norm of the vector of Lagrange mul-
tipliers, the constraints are satisfied exactly if they are feasi-
ble; therefore, for this initial state, no change in performance
is obtained by increasing s further.

Performance. As mentioned previously, when we cannot
satisfy all of the state constraints, performance is increasingly
Pareto optimal for large S, if Pareto optimality is defined in
terms of the same measure of size of violations as we use in
the soft-constraint objective. Tuning requires the adjustment
of two parameters, S and s. However, the effects of changing
S and s are intuitive and, more importantly, nominal
performance remains satisfactory for all designs.

Furthermore, if the use of exact soft constraints is not criti-
cal, so that small violations are allowed at times when the
hard constraints could be enforced, s may be set to zero,
simplifying the tuning procedure. When, on the other hand,
it is desired to enforce exact soft constraints, s can be made
large to achieve this result easily.

In general, s should either be set to zero or to the least
value that gives exact soft constraints. The entries of the di-
agonal weighting matrix, S, can be made as large as possible,
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Figure 13. Exact soft constraints.

with due regard to numerical difficulties that can arise in the
solution of Problem 2. When more than one output is con-
strained, the relative values of the diagonal weights in S
should be adjusted to place emphasis on the more important
constraints.

Open-rClosed-Loop Comparison. A desirable property of
the soft-constraint control law described in this section is that,
for a fixed set of parameters Q, R, S, and s, the mismatch
between open-loop predictions and nominal closed-loop be-
havior approaches zero as N increases. This infeasibility so-
lution is therefore the only one discussed in this article for
which a principle of optimality can be stated. Control laws
that penalize the peak constraint violation in the horizon are
not defined in terms of the multistage open-loop optimiza-
tion, and therefore do not admit a principle of optimality.
This is the fundamental reason for the open-rclosed-loop
mismatch and tuning difficulties illustrated in the introduc-
tion.

In receding-horizon control, it is relatively easy to define a
control optimization that gives good open-loop performance.
The difficulties arise when the properties of the closed-loop
are considered. The principle of optimality implies that for
large N, performance is similar in open and closed loop.
Hence it leads to more transparent control laws and to an
easier understanding of nominal closed-loop behavior.

Stability. Soft-constraint MPC formulations are nominally
exponentially stabilizing and asymptotically stabilizing under
decaying perturbations.

Conclusions
In this article, we have discussed the feasibility problems

that can arise due to the use of hard state constraints in MPC.
Current solution techniques were reviewed and their limita-
tions were highlighted. Two alternative control laws that re-
solve infeasibility were described: the optimized minimal-time
solution and a new soft-constraint approach. Both methods
were shown to lead to exponentially stabilizing control, and
perturbed stability was established for soft-constraint MPC.

Central to our discussion was the concept of Pareto opti-
mality of the constraint violations that are experienced at
times of infeasibility and the mismatch that can arise be-
tween open-loop predictions and closed-loop behavior.

With the previous soft-constraint approaches, open-loop
behavior was found to be good for a wide range of tuning
choices and close to Pareto optimal for large S; however,
closed-loop behavior was shown to be poor in some cases.
The weakness of the previous soft-constraint approaches
therefore is the inability to track open-loop predictions, nom-
inally, in closed-loop. The minimal-time approach discussed
earlier was shown to satisfy constraints as soon as possible,
but the transient violations were larger than necessary.

Ideally, performance should be Pareto optimal. With the
optimized minimal-time approach discussed in the subsection
titled ‘‘Optimized Minimal-Time Approach,’’ the control law
forces operation to the Pareto optimal point that corresponds
to the minimal duration of violations. Although operation at
this point is desirable in some applications, the method is not
always appropriate because it cannot be tuned to give per-
formance at other optimal points.

Except for the optimized minimal-time approach, however,
it appears difficult, in general, to force operation at Pareto
optimality by receding-horizon implementation of the solu-
tion of open-loop optimizations that are no more complex
than quadratic programs.

The use of least-squares soft constraints nevertheless leads
to a control scheme for which open- and closed-loop become
increasingly similar for large N. For large S, the control law
also leads to performance that is close to Pareto optimal,
when the measure of the size of violations considered is the
sum of squares. Moreover, tuning of the soft constraints al-
lows for a variety of durationrsize trade-offs, and closed-loop
performance remains good for all designs. The price for these
desirable features is that the control calculation requires the
solution of a larger quadratic program than previous soft-
constraint formulations. However, by properly structuring the
quadratic program, the addition of the soft constraints does

Žnot increase the complexity of the quadratic program Rao et
.al., 1998 .
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